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BASIC ANALOG OF FOURIER SERIES 
ON A g-QUADRATIC GRID 

JOAQUIN BUSTOZ AND SERGEI K. SUSLOV 


Abstract. We prove orthogonality relations for some analogs of trigonometric 
functions on a g-quadratic grid and introduce the corresponding g-Fourier series. 
We also discuss several other properties of this basic trigonometric system and the 
g-Fourier series. 


1. Introduction 
A periodic function with period 21, 

(1.1) f{x + 2l) = f{x), 

can be represented as the Fourier series, 


( 1 . 2 ) 

where 

(1.3) 

(1.4) 

(1.5) 


j., . ( irn , , Tin \ 

/(t) = ao + 2^ On cos —X + On sin —x j , 


n=l 


Tin 

T 


Oq — 


21 


f{x) dx, 


'-I 


1 

an = J 


bn = 


I 


1-1 

L 


f{x) cos —X dx, 
f{x) sin —X dx. 


28], and [30j. The for- 


For convergence conditions of (1.2) see, for example, |]i 
mulas (1.3)-(1.5) for the coefficients of the Fourier series are consequences of the 
orthogonality relations for trigonometric functions 


( 1 . 6 ) 

( 1 . 7 ) 


mrx rmrx 
cos —cos-;- dx = 0, 


mrx 

sm —;— sm 


I 

rmrx 

~r 


dx = 0, 


m ^ n, 
m ^ n. 
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( 1 . 8 ) 


nvrx rm:x 
cos —— sin —-— ax = 0, 


m ^ n. 


In the present paper we discuss a g-version of the Fourier series (1.1) with the aid of 
basic or g-analogs of trigonometric functions introduced recently in [|^ (see also 
and 1^). Our hrst main objective will be to establish analogs of the orthogonality 
relations (1.5)-(1.7) for g-trigonometric functions on a g-quadratic grid. 

There are several ways to prove the orthogonality relations (1.6)~(1.8) for trigono¬ 
metric functions. The method based on the second order differential equation, 

(1.9) u" -f oj'^u = 0, 


can be extended to the case of basic trigonometric functions. Consider, for example, 
two functions cosujx and cosuj'x, which satisfy (1.9) with different eigenvalues oj and 
uj'. Then, 


( 1 . 10 ) 



= W (cosa;a:, cosa;'x) 

_ cos ujx cos ui'x 
—OJ sina;a; —oj' sina;'a; 


The right side of (1.10) vanishes when 

(1.11) sinojl = sina;7 = 0, 


which gives 

/ \ TT ^ TT 

( 1 . 12 ) UJ = — UJ = — 


where ?7,,m = 0, ±1, ±2, ±3,... . In the same manner, one can prove (1.7). The last 
equation (1.8) is valid by symmetry. We shall extend this consideration to the case 
of the basic trigonometric functions in the present paper. 

This paper is organized as follows. In Section 2 we introduce the g-trigonometric 
functions. In the next section we derive a continuous orthogonality property of these 
functions, and then, in Section 4, we formally discuss the limit g ^ 1 of these new 
orthogonality relations. Section 5 is devoted to the investigation of some properties 
of zeros of the basic trigonometric functions and in Section 6 we evaluate the nor¬ 
malization constants in the orthogonality relations for these functions. In Section 
7 we state the orthogonality relation for the corresponding g-exponential functions. 
Finally, we introduce basic analogs of Fourier series in Section 8, and in Sections 9-11 
we give a proof of the completeness of the g-trigonometric system and establish some 
elementary facts about convergence of our g-Fourier series. Examples of these series 
are considered in Sections 12 and 14; we prove some basic trigonometric identities we 
heed in Section 13. Some miscellaneous results concerning g-trigonometric functions 
are discussed in Section 15. 
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2. Analogs of Trigonometric Functions on a g-Q uadratic Grid 


The following functions C{x) and S{x) given by 


( 2 . 1 ) 


and 

( 2 . 2 ) 


C{x) 


Cq{x]Uj) 


X 29^1 




—qe 


-2ie 


Q 



S{x) 


Sq{x]Uj) 

(-go^2.g2)oo i-q 


cos 6 


X 



2„2ie 


-q e 


-q^e 





were discussed recently and as g-analogs of coscux and sina;x on a q- 

quadratic lattice x = cos 9. 

These functions are special cases j/ = 0 of more general basic trigonometric func¬ 
tions 


(2.3) 

and 


(2.4) 


C{x,y) = Cq{x,y;uj) 
< 1^)00 


-ga;2;g2)o^ 


X 4(^93 


-q 


\/1 Ad-\-iip _ ^ll2A0—iip _ ^ll2 


-q 


-g, gi/^ 


q 


,1/2 


i/ 2 g-ie-i^ 

;q-u 


S{x,y) = Sq{x,y;u) 


W;g^)oo 1 


(cos^ -|- cos 99 ) 


X A ( P 3 


_qQiS+itp _q^i‘P-i9 _q-id-iip 


-q, g3/2, 


. 3/2 



which are g-analogs of cos a; (a: -f y) and sina;(x -t- y), respectively (see [Q). Here 
X = cos 9 and y = cos 99 . Usually we shall drop g from the symbols Gg(a;;a;), Sq{x]uj), 
Cq{x,y;uj), and Sq{x,y;uj) because the same base is used throughout the paper. 

The symbols 2 '^i and in (2.1)-(2.4) are, of course, special cases of basic hyper¬ 
geometric functions. 


(2.5) 


r^s 


Oi, 02 , ... 
61 , &25 ••• 
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E (ai, 02,... , ttr] g)„ 1 

The standard notations for the g-shifted factorial are 

n—1 

(2.6) (a;g)o:=l, (a; g)^ := JJ (l - ag^) , 


fe =0 


(2.7) 


(® 1 ) ®25 ^)n ’ 


«=1 


where n = l,2,..., orcx), when |g| < 1. See [0 for an excellent account of the theory 
of basic hypergeometric functions. 

Functions (2.1)-(2.4) are dehned here for |a;| < 1 only. For an analytic continuation 
of these functions in a larger domain see |]T^, |^, and For example, 


( 2 . 8 ) 

and 

(2.9) 


C{x) = 


(g, -go;2; g 2 ) 
f —u? 

X 2^2 


. 2 

g^2g2i6», g,^2g-2ie ^ Q 1 Q 


(g2o;2e2*®, q^uj^e 2*®; g^) 2q^/‘^uj 

S{x) = -^ ^- cosfc' 


(g3, -ga;2; g2)^ 


q 


X 2‘f2 


. „2 3 

g^co^e^*^ g2a;2e-2*® ’ ^ ^ 


One can see from (2.8) and (2.9) that the basic trigonometric functions (2.1) and 
(2.2) are entire functions in z when e*® = g^. Analytic continuation of g-trigonometric 
functions (2.3) and (2.4) can be obtained on the basis of the “addition” theorems, 

C(x,y) = C {x)C (y) - S (x) S (y), 

S{x,y) = S{x)C{y) + C{x)S{y), 


found in [24 


The basic trigonometric functions (2.1)-(2.4) are solutions of a difference analog 
of equation (1.9) on a g-quadratic lattice. 


( 2 . 10 ) 


A 


a 


Vu{z] 


+ A u{z) = 0, 


Vxi{z) \Va;( 2 :) 

where x{z) = | (g^ + g“^), g^ = e*®, Xi{z) = x(z + 1/2), A/a = 4g^/^a;^/ (1 — g)^, 
and Af{z) = Vf{z + 1) = f{z + 1) — f{z). See p, |^, [^], ||23|, and |2^ for more 
details. Equation (2.10) can also be rewritten in a more symmetric form. 


5 


+ 


^ ^ <5x(z) \5x{z)) ' (1 - g)^ 

where 5f{z) = f{z + 1/2) - f{z - 1/2). 


6u{z] 


4gl/2 


cu'^ u{z) = 0, 
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The g-trigonometric functions (2.1)-(2.4) satisfy the difference-differentiation for- 


mulas 



(2.12) 


uj S{x,y) 

1 - g 

and 



(2.13) 

^ S{x,y) = 
ox 

X 

u C{x,y). 

1 - g 


See and [Q. Applying the operator 5/5x to the both sides of (2.12) or (2.13) we 
obtain equation (2.11) again. 

Equation (2.10) is a very special case of a general difference equation of hyperge¬ 


ometric type on nonuniform lattices (cf. 


polynomials and their special and limiting cases 


0, Hi and 1^). The Askey-Wilson 
and 


17 


are well-known as 


the simplest and the most important orthogonal solutions of this difference equation 

[11 


of hypergeometric type. Recently, Ismail, Masson, and Suslov [12|, [13 


n 


have found another type of orthogonal solutions of this difference equation. In the 
present paper we shall discuss this new orthogonality property at the level of basic 
trigonometric functions. 


3. Continuous Orthogonality Property for g-T rigonometric 

Functions 

Our main objective in this paper is to find the orthogonality relations for g- 
trigonometric functions (2.1)-(2.2) similar to the orthogonality relations (1.5)-(1.7). 
Consider difference equations for the functions u{z) = Cq{x{z)-^ui) and v{z) = 
Cq (x(z);a;') in self-adjoint form. 


-|- A p{z)u{z) = 0 


(3.1) 

A 

(^CTp(^) 

1 Vm(z) 

Vxi{z) 

Vx(z) 

and 




(3.2) 

^ 1 

^ap(z) 

Vv(z)^ 

Vxi(z) ' 

Vx(z) y 


-h A' p{z)v{z) = 0, 


where the function p{z) satishes the “Pearson equation” [^ , |23 

2x221+1 


(3.3) 
and 

(3.4) 


p{z) a{z + 1) ^ > 


A = 


4gVV 

(1-gf 


UJ , 


A' = 


UJ 


a 


(3.5) 


One can easily check that 
po{z+ 1) 


Po { z ) 


= q 


,-42-2 


for po{z) = 


Aq^/^a 

(i-q? 

(g^C g“2^; g), 


g^ - g-2 
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and 

(3.6) 
(cf. 

(3.7) 


Pa{z + 1 ) ^ 4^+2 

Pa(^) 


for p^{z) = q2-2a+2.^ ^2-2a-2. 




2^-l 

oo 


|25[|, and |CT). Therefore, we can choose the following solntion of (3.3), 




p{z) = 


{q , q ; q)oc iq"-q 


^q2a+2z q2a-2z q2-2a+2z q2-2a-2z. ’ 

where a is an arbitrary additional parameter. We shall see later that this soln¬ 
tion satisfies the correct bonndary conditions for onr second order divided-difference 
Askey-Wilson operator (2.10) for certain valnes of this parameter a. 

Let ns mnltiply (3.1) by v{z), (3.2) by u{z) and snbtract the second eqnality from 
the hrst one. As a resnlt we get 

(3.8) (A — A') u{z) v{z) p{z)Vxi{z) = A [up{z) W {u{z), n(2:))], 
where 

( 3 . 9 ) 


W {u{z)^ ^{z)) = 


= u{z) 


u{z) v(z) 
Vu(z) Vv(z) 

Vx(z) Vx(z) 
Vv(z', 


Vx(z) 


v(z) 


Vu(z) 

Vx(z) 


is the analog of the Wronskian [21 


Integrating (3.8) over the contonr C indicated in the Fignre on the next page; 
where z is snch that z = id/ logg and —7r/2 < 9 < 37r/2; gives 


( 3 . 10 ) 


(A — A') / u{z) v{z) p{z)'Vxi{z) dz 


'c 


= / A [up{z) W {u{z), n(^))] dz. 


'C 


As a fnnction in z, the integrand in the right side of (3.10) has the natnral pnrely 
imaginary period T = 27rz/ logg when 0 < g < 1, so this integral is eqnal to 


( 3 . 11 ) 


ap{z) W {u{z), v{z)) dz, 


' D 


where D is the bonndary of the rectangle on the Fignre oriented connterclockwise. 

The basic trigonometric fnnctions C{x) and S{x) are entire fnnctions in the com¬ 
plex z-plane dne to (2.8)-(2.9). Therefore, the poles of the integrand in (3.11) inside 
the rectangle in the Fignre are the simple poles of p{z) atz = a, z = l — a and at 
z = a — m/ logg, z = \ — a — m/ logg when 0 < Re a < 1/2. Hence, by Canchy’s 
theorem, 

p W {u, v) dz 


(3.12) 


2m 




= Res /(z)|,=« + Res /(^)L=i_„ 

+ Res f{z)\^ 

=a—i7vl log q + Res /( 2 :)L=i 

— a—in I log q ’ 
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(3.16) 


Res= lim {z-a + i7r/\ogq) f{z) 

' z^OL—i-Kj \o%q 


q " (g^", q^ 


’ ^ )oo 


21ogg“^(g2, g"^", g^“^"; g^ 

X 14" (m(^), 


and 

( 3 . 17 ) 


Res= lim (z-l+a + nl\ogq) S(z) 

1 <1 )oo 


g " (g^", g^ 


But 

(3.18) 


14" {u{z), v{z)) = 


21ogg“^(g2, g2, g^", g^ )^ 

X W (u(z), u(^))|^^i_„_.^/i„g^. 

n( 2 :)M( 2 : — 1) — u(z)v(z — 1) 


x(z) — x(z — 1) 

by (3.9) and, therefore, 

(3.19) W (u(z), «(^))l„„ = »' («(4. 'e(^))l..i-„ 

= - »'(tl(2), t’(2))L.t,-i,/l„g, = - >V(a(z), ll(2))L., 

due to the symmetries C(x) = C(—x), x(z) = x(—z), and x(z) = —x(z — in/ logg). 
Thus, the residues are equal and as a result we get 

1/2 


(3.20) 


(1-9)^ 


— o;'^) / u{z) v{z) p{z)Vxi{z) dz 


'c 


ni q ^ (g^", g^ g ) 


logg-l(g2, g2, g4«, g2-4a. ^2 
X 14" {u{a), u(q;)) , 

where 0 < Re a < 1/2. 

We have established our main equation (3.20) for the case u{z) = C {x{z)]u) and 
v{z) = C {x{z)-^uj'). The same line of consideration shows that this equation is also 
true when u{z) = S {x{z)-,ui) and v{z) = S {x{z)]uj'). The corresponding analogs of 
the Wronskians in (3.20) can be written as 

(3.21) 14" (^(^(i^);^^), C{x{zy,u')) 

2gR4 


1 - g 


[a; C {x{z)]ui') S (x(z — l/2);a;) 

— J C {x{z)]ui) S {x{z — l/2);a;')] 


and 

(3.22) 


14" (S'(a;( 2 :); a;), S{x{z)]uj')) 
2q^/^ 


1 - g 


cu' S {x{z);uj) C {x{z — 1/2); ct;') 

- u S {x{z)-,(j') C {x{z — 1/2); cij)] 
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by (2.12)-(2.13), respectively. One can see from (3.21) and (3.22) that the right side 
of (3.20) vanishes in both cases when eigenvalues lo and lo' are roots of the following 
equation 

(3.23) ^,(a;(l/4);o;) = ^,(a;(l/4);o;') = 0. 

This is a direct analog of (1.11) for basic trigonometric functions. 

In the last case, u{z) = C {x{z)-^ui) and v{z) = S {x{z)-^ui'), the left side of (3.20) 
vanishes by symmetry. It is interesting to verify that by using our method as well. 
Equations (3.1) to (3.18) are valid again. But now 


(3.24) 


W (u(z), v{z))\^^^ = W (u(z), v(z))l^^^_^ 

= W{u{z), t^(2:))L=«_i^/logg = W{u{z), t^(^))L=i_„_i^/log<, 


due to the symmetries C{x) = 0(—x), S{x) = —S{—x), x{z) = x{—z), and x{z) = 
—x{z — mI logg). Therefore, 


(3.25) 


( 1 -g)^ 


{up' — / u(z) v(z) p(z)Vxi(z) dz 

Jc 

^ TTf g-” (g^^, q 

21ogg-l(g2, g2, g4«, g2-4a. q2 

X \W {u{a), v{a)) — W («(«), t'(a))] = 0, 


when 0 < Re q; < 1/2. 

Combining all the above cases together, we hnally arrive at the continuous orthog¬ 
onality relations for basic trigonometric functions. 


(3.26) 


(^2id ^-2i9. \ 

C{cose-u) dcose-u;') 

if a; 7 ^ a;'. 


q) d 

C {ri-uj)—S {r]-uj) if uj = uj'- 

(?; q)oo 


(3.27) 


and 

(3.28) 


S (cos 9] uj) S (cos 9] uj') 




w. 


(gV2e2*0, qi/2(.-2ie. 


d9 


(( 7 ^/ 2 - Qp f) 

’. 2 °° ^ iv, (r/; u) 

W, 9)00 


if a; 7 ^ uj', 
if cu = uj'] 


C {cos 9] uj) S {cos 9] uj') 


^-2i9 


w. 


(gi/2g2ie^ gi/2g-2ie. 


d9 


0 . 


Here 77 := a;(l/4) = {p/^ + g /2 and the eigenvalues uj and uj' satisfy the “bound¬ 
ary” condition (3.23). 
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For arbitrary oj ^ oj' one gets from (3.20)-(3.22) 

q)^ 


(3.29) 


C (cos 6] ui) C (cos 6] uj') 


(^i/2g2ie^ ^i/2g-2ie. 


dte 


2ti q) 


2 

oo 


,/2 


f 

'oo 


{q; qX 

x[uj C {rj] uj') S [t]] iS) — lo' C [rj] u) S {rj] uj')] 


and 

(3.30) 


S (cos 6] uj) S (cos 6] uj') 


g). 


(gV2e2*0, gi/2g-2*0. 


de 


271 (g^/^; g) 


2 

oo 


,/2 


'oo 


uj^-uj'^ (g; g)( 

X [uj' S [t]] uj) C {rj] uj') — UJ S [rj] uj') C [t]] o;)] . 
Also, in the limit uj ^ uj', 

(e“", 6-“*; q)^ 


(3.31) 


(cosd;uj) 


TT 


(g^/ 2 . gj 


2 

oo 


^(g; g)c 


(^l/2g2ie^ gl/2^-2iS. g^^ 


^ 

d 


de 


+ C {r]; uj) S {r]; uj) - {r]; uj) S {r]; uj) 


and 

(3.32) 


5^ (cos6';a;) 


('g 2 * 0 ^ g 2 * 0 . g'^^ 


TT 


(g^/ 2 . g-^ 


2 

oo 


^(g; g)( 


(^i/2g2ie^ gil2^-2ie. g^^ 


d 


de 


- C {r]; uj) S {t]; uj) - {r]; uj) S {r]; uj) 

We remind the reader that i] is dehned by = x(l/4) = + g“^/^) /2. This 

notation will be used throughout this work. 


4. Formal Limit g ^ 1“ 

In this section we formally obtain orthogonality of the trigonometric functions 
as limiting cases of our orthogonality relations (3.26)-(3.28) for basic trigonometric 
functions. According to 


(4.1) 


g^l- 


lim Cq ( X, g; -uj (1 — g) ) = coso; (x + g), 
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( 4 . 2 ) 


lim 5'q y; -^)j ^ sina;(x + |/). 


If o; 7 ^ a;' we can rewrite (3.26) as 


(4.3) 
where 

(4.4) 

Using the limiting relation 

( 4 . 5 ) 

one can see that 


C{cos6-,oo) C{cos6]uj') (e^*®,e ^6 = 0, 




(a;r)^ 


(ar";r)^ 


lim (a;r)^ = (1 - a)", 

q^l- 


(4.6) ^2sin0 


' 1/2 


as q ^ 1~. Therefore, changing a; to (1 — q)uj/2 in (4.3), with the help of (4.1) when 
y = 0 we obtain the orthogonality relation (1.6) with / = 1. The bonndary condition 
(1.11) follows from (3.23) in the same limit. 

When uj = uj' we can rewrite (3.26) as 


(4.7) 


C'^ {cos 6] uj) (e^*®,e 

7r(l - g) ^ 1 ^ Cl 1 

C{mu}) —S {r]-,uj ), 


n(1/2) 


where y = {q^^^ + q /2 and 


(4.8) 


Tg {z) = (1 -g) 


duj 


1-z (g;g)c 


(gUg)c 


is a g-analog of Enler’s gamma fnnction T (z) (see, for example, 0). Changing u to 
(1 — q)uj/2 in (4.8), with the aid of 


(4.9) 
we get 

(4.10) 


lim Tg {z) = T (z), 

5^1- 


-1 


27r 


/ cos^ irnx dx = ^ , 

1-1 r2(i/2) 


cos^ Trn = 2, 


where n = ±1, ±2,... , in the limit q 1~. 

In a similar manner one can obtain (1.7) and (1.8) from (3.27) and (3.28), respec¬ 
tively. 






12 


JOAQUIN BUSTOZ AND SERGEI K. SUSLOV 


5. Some Properties of Zeros 


In Section 3 we have established the orthogonality relations for the basic trigono¬ 
metric functions (3.26)-(3.28) under the boundary condition (3.23). Here we would 
like to discuss some properties of cn-zeros of the corresponding basic sine function, 


(5.1) 


S { ri ; uj ) = 




(-go;2;g2)^ l-qi/2 

X 29^1 


_g3/2^ _^5/2 


q. 


2 2 
q , -o; 


(^g3/2^2; 


oo 


to 




X 29^2 


-U 


2\ I 
oo 

2 


1/2 


- q 

g3/2a;2, g5/2^2 




and the basic cosine function, 


(5.2) 


C { ri ; uj ) = 


(-go;2;g2)^ 


X 2/?l 

q) 

{q,-quj^; q^) 

—OJ 


-q 

q 


3/2 


-o; 


oo 

2 


—quj 




X 2/^2 

One can see that these functions have almost the same structure as the g-Bessel 
function discussed in JI^, [^. So we can apply a similar method to establish main 
properties of zeros of the functions (5.1)-(5.2). 

The hrst property is that the g-sine function S [r]-, uj) has an inhnity of real oi-zeros. 
To prove that we can again consider the large cn-asymptotics of the function (5.1). 
The 2921 here can be transformed by (Uhl) of |^, which gives 


(5.3) 


S{7];u) = 


(-g5/2,g3/2^2.^2^^ 

(g3,-gu;2;g2)^ 


u 


p/2 


X 2/?l 


-U 


g3/2^2 


-,5/2 


For large values of u, such that uj'^ ^ q where n = 0,l,2,... , 


(5.4) 


2/3i 


-gV2^ _^2 

g3/2^2 


; 


l/^O 


-gi/2 


; q , q = 


(-g3/2;^2)^ 


iq-,q^)oo 
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by the g-binomial theorem. Therefore, as a; —> cxd, 


(5.5) 


S (?;; ui) 


iq-,q^)l 


X LO 


(-go;2;g2)^ 


[1 + o(l)], 


by (5.3) and (5.4). But the function 


oscillates and has an infinity of real zeros as oo approaches infinity. Indeed, consider 
the points a; = 7 „, such that 


(5.6) 


r 9 


2-2n 


where n 
(5.7) 


0,1, 2,... and < q as test points. Then, by using (1.9) of 0, 


S ( 7 ; 7n) 


iq-,q^)l 

X (-l)’^ g -"/2 


(-g/32;g2)oo 


(-g/^ 2 .^ 2 )^ 


[1 + 0 ( 1 )], 


as n —> 00 , and one can see that the right side of (5.7) changes sign inhnitely many 
times at the test points a; = 7 „ as a; approaches inhnity. 

In a similar manner, one can prove that the g-cosine function C ( 7 ; a;) has an 
inhnity of real a;-zeros also. 

Thus we have established the following theorem. 


Theorem 5.1. The basic sine S ( 7 ;a;) and basic cosine C {r]]uj) functions have an 
infinity of real uj-zeros when 0 < g < 1. 


Now we can prove our next result. 

Theorem 5.2. The basic sine S ( 7 ; a;) and basic cosine C ( 7 ; a;) functions have only 
real co-zeros when 0 < g < 1. 


Proof. Suppose that oiq is a zero of the basic sine function (5.1) which is not real. It 
follows from (5.1) and (HI.4) of 0 that 


(5.8) 


S(tr,Lj) = 




X 2T2 


1 - 


-g3/2, -g5/2 


gO 


g 5 / 2 ^ 2 ; q 




Now we can see that oiq is not purely imaginary, because otherwise our function would 
be a multiple of a positive function. 

Let oil be the complex number conjugate to oiq, so that uoi is also a zero of (5.1) 
because this function is a real function of uo. Since Uq 7 ^ ool the integral in the 
orthogonality relation (3.26) equals zero, but the integrand on the left is positive. 
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and so we have obtained a contradiction. Hence a complex zero oiq cannot exist. One 
can consider the case of the basic cosine fnnction in a similar fashion. □ 


Theorem 5.3. 7/0 < g < 1, then the real oj-zeros of the basic sine S {r]]uj) and basic 
cosine C {rj; uj) functions are simple. 

Proof. This follows directly from the relations (3.31) and (3.32). Consider, for exam¬ 
ple, the case of the basic sine fnnction. If a; = uj', then the integral in the left side of 

d 

(3.31) is positive, which means that t^—S (r];uj) ^ 0 when S (ri;uj) = 0. The same is 

OUJ 

trne for the zeros of the basic cosine fnnction. □ 


Onr next property is that the positive zeros of the basic sine fnnction S {r]] uj) are 
interlaced with those of the basic cosine fnnction C {r]',uj). 

Theorem 5.4. //a;i, 012 , 013 ,... are the positive zeros of S {r];uj) arranged in ascending 
order of magnitude, and w\,W 2 ,vc!Z) ■■■ are those of C {jj^uj), then 

(5.9) = ujq < wi < uJi < W 2 < uj^ < < ... , 

i/ 0 < g < 1. 


Proof. Snppose that ujk and ujk+i are two snccessive zeros of S {ri;uj). Then the 
d 

derivative tj-S {p',uj) has different signs at a; = a;*, and uj = uju+i- This means, in 

UUJ 

view of (3.32), that C {ri-,uj) changes its sign between uJk and ujk+i and , therefore, 
has at least one zero on each interval {uJk, ujk+i). 

To complete the proof of the theorem, we shonld show that C {rj; uj) changes its 
sign on each interval {uJk, uJk+i) only once. Snppose that C {rj; Wk) = C {rp, zuk+i) = 0 
and uJk < vjk < ^k+i < ojk+i- Then, by (3.32), the fnnction S {r];uj) has different 
signs at a; = zuk and u = zok+i and, therefore, this fnnction has at least one more 
zero on (oifc, uJk+i). So, we have obtained a contradiction, and, therefore, the basic 
cosine fnnction C {rj; uj) has exactly one zero between any two snccessive zeros of the 
basic sine fnnction S ( 17 ; a;). □ 


The proof of Theorem 5.1 has strongly indicated that asymptotically the large 
oi-zeros of the basic sine fnnction S (r/; a;) are 

(5.10) ujn = ±Xn g”'", g^^^ < Xn < g“^^^ 


as n —>■ 00 . The same consideration as in and shows that S ( 17 ; a;) changes sign 
only once between any two snccessive test points uj = 'jn and uj = 7^+1 determined 
by (5.6) for large valnes of n. We inclnde details of this proof in Section 16 to make 
this work as self-contained as possible. 

Onr next theorem provides a more accnrate estimate for the distribntion of the 
large zeros of this fnnction. 


Theorem 5.5. Ifuii, uj2,uj^, ... are the positive zeros of S {rj; uj) arranged in ascending 
order of magnitude, then 


(5.11) 


OJn 


= gl/4-n + ^(l). 


as n 


00 . 
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Proof. In view of (5.1) and (III.32) of 0, 

^ (_g3/2 5/2 3/2^2 l/2/^2 21 

(5.12) S{r]-,u) = V y y 


1 — {q,q^,—quj^,—q‘^/uj^;q‘^)^ 


X 2Pl 


-q^/\ -g3/2 


2 9 

; q , —5 


+ 


^ (_^l/2^_^3/2^^5/2^2^^-l/2/^2.^2)^ 


l_gi/2 {q-\q\-qu^,-q^/uj^;q^)^ 

f -q^l\ 2 q 

X ( > > « • -^5 

which gives the large a;-asymptotic of S (i/;a;). When a; = q^P~^ and n = 1, 2, 3,..., 
the first term in (5.12) vanishes and we get 

l + gi/2 {-q^/^-q^)^ 


(5.13) S{ri-q^/^-^) = (- 1 )’^ g-/2-i/4 


l-gV2 (-gl/2;g2)^ 


X..., -"V-" 

with the help of (1.9) of 0], Thus, 

(5.14) lim S (? 7 ; = 0, 

which proves our theorem. 

In a similar fashion, one can establish the following theorem. 


□ 


Theorem 5.6. Ifzui, ZU 2 , ... are the positive zeros ofC {rj] uj) arranged in ascend¬ 
ing order of magnitude, then 

(5.15) Wn = + 0 (1), 


as n ^ oo. 


The asymptotic formulas (5.11) and (5.15) for large a;-zeros of the basic sine S (p; a;) 
and basic cosine C (i/;a;) functions confirm the interlacing property (5.9) from The¬ 
orem 5.4. 

Let us also discuss the large a;-asymptotics of the basic sine S (x; lv) and basic 
cosine C (x; u) functions when x = cos 9 belongs to the interval of orthogonality 
—1 < a: < 1. From (2.1) and (2.2) one gets 


(5.16) 


C {cos 6] uj) = 2 Pl 


.,2ie 


,-2i6l 


; 


-quj 


(- 


,-2i6l 


-qe 


-2i6 


quj e 


2 „ 2 ie „- 2 ie 


/a;2;g2)^ 


(g, -quj^, -q/uJ^] g^)oo 

g2g4ie ^ q , j2 


X 2P\ 
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and 

(5.17) S'(cos 6 *; cn) 


^2ie 


2ie 


e , —ge , qu e 


, 2 „- 2 ie „ 2 ie /, , 2 . ^2 




(g, e4*®,-ga;2,-g/a;2;g2)^ 

-e-^io _qe-2i0 g2 

X 2^1 \ ; Q , -^ 

g e a ;2 


2gV4 


a; 


1 - g 

X 2(^1 

2 g^/^o; 
1 - g 


cos 9 


‘2i0 

qe , qe _ o ,2 

q3 1 Q 1 


cos 9 


X 


(—ge g^e q'^uj'^e'^^^, e ^*®/a;^;g^)^ 

(g3, -go;2, -g/o;2; g2)^ 


, 2 i 6 » 


g2g4*6l 


-ge 


2 i 0 


2 ? 

; Q , —^ 

a ;2 


X 2q^i 

(—ge^*®, —g^e^*®, g^a;^e“^*®, e^*®/a;^; g^)^ 


(g^, e^*®, —gu;2^ —g/a;2; 


X 2951 


,- 2 ie 


-qe 

^2e-m 


- 2 ie 


2 T 

; q , —^ 

a ;2 


by (III.3) and (III.32) of 0. For |a;| < 1, |g| < 1 and large oj it is clear from (5.16) 
and (5.17) that the leading terms in the asymptotic expansions of C (cos 9 ;lij) and 
S (cos^;^) are given by 


(5.18) 


and 

(5.19) 


C (cos^;^) 


(_g-2ie.g)^ (g^2g2re.g2j^ 

(g, e-4*e;g2)^ (-qoj^;q^)oc 

(g, e4*«;g^)oo 


S' (cos 6 *; a;) ~ 


2gV4cu 
1 - g 


cos 6 * 


(-qe 

(g3, e-4*®;g2)^ 


+ 


(-ge 2 *®;g)^ 


(g2^2g2»e.g2)^ 

(-g^ 2 ;g 2 )^ 

(gVe- 2 *^;g 2 )^ 


(g3, e4*®;g2)^ 


(-g^ 2 ;g 2 )^ 




















g-FOURIER SERIES 


17 


respectively. In particular, when uj = ujn are large zeros of the basic sine function 
S {rj] oj) we can estimate 


(5.20) 

(5.21) 


C (cos6*;ain) ~ C (cos6*;g^'^^ , 

S (cos 6] ojn) ~ S (cos 6] 


due to (5.11) as n —cx). Relations (5.18)-(5.21) lead to the following theorem. 

Theorem 5.7. For —l<x = cos9 < 1 and \q\ < 1 the leading term in the asymp¬ 
totic expansion of C {cos9-,Un) as n ^ oo is given by 


(5.22) 

where 

(5.23) 

(5.24) 

and 

(5.25) 


C {cos 9; 


(g;g2 


X |R (e*®) I cos ((29 + tt) n - y), 

R (e*^) = (1 - 
|R(e-)r^ = 


^q3/2e-2ie^q5/2e2ie.q2^^ 


(ql/2e2^e^ gi/2^-2ie. 


X = argR (e*®) 


For —l<x = cos9 < 1 and \q\ < 1 the leading term in the asymptotic expansion 
of S (cos9]Un) as n ^ oo is given by 


(5.26) ^(cos0;g^/^-”) 


X \B (e*®) I cos ((29 + tt) (n — 1) — ^jJ), 


where 

(5.27) 


B (e*®) = e 


(gl/2e-2*e,g3/2g24e.^2)^ 


(5.28) \B{e 

and 

(5.29) 

From (5.23) and (5.27), 


je 


-2 




(gV2e2*0^ gi/2e-2*0;g)^’ 

tf = argR (e*^) . 


(5.30) 


(e o) 

•"F“)=‘="'WFr® ("'"') 
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It is worth mentioning also that the factor \ A (e*®) | ‘^ = \B (e*®) | ^ coinsides with the 
weight function in our orthogonality relations (3.26)-(3.28) for the basic trigonometric 
functions. 

In a similar fashion, one can use the hrst lines in (5.16), (5.17), and Exercise 3.8 
of 0 (see also the same line of reasonings in [§) to establish complete asymptotic 
expansions of the basic sine and cosine functions for the large values of uj. 


Theorem 5.8. For —l<x = cos6 < 1 and \q\ < 1 complete asymptotic expansions 
of C (cos 6*; a;) and S (cos 6*; a;) as |a;| —>• oo are given by 


(6.31) 


C(cos6*;a;) = 


(e-2*e;g)oo (g, 


X 


n=0 


,2n 


^2i6. 


;g) 


2n 






-1 

n 


(gcu^e 




X 


E' 

n=0 


,2n 


(-e 


2n 


(g2,g2g 


-AiO. ^2\ 

’ ^ /n 




and 


(5.32) S'(cos 6*; cu) = e 


w 




(e-2*®;g)^ (g, -quj‘^]q^). 


X 


y^qin+i/A ( g^) 

1^2 ^2^4ie.^2i \q oj e ,q)^ 


+e 


n=0 

-ie 


(g2,g2g4ie.g2)^ 

(gVe-^-^;g^)^ 


oo 


X 


E« 

n=0 


2n+l/4 


(—ge ^*^;g) 


2n 


(g2,g2e-4*®;g2)^ 




The asymptotic expansions (5.31)-(5.32) are not in terms of the usual asymptotic 
sequence {(a:a;)~"'}^_p, but are sums of two complete asymptotic expansions in terms 
of the “inverse generalized powers” g^)^^(cf. [||). 


Remark 5.1. Mourad Ismail pointed out to our attention the following quadratic 
transformation formula 

^1^+2 


(5.33) 


2Fi 


-g"+^ 


-r 


Q 


2 i /+2 


; -r74 


(?;?)c 


(r; 9), 


(g^+^?)oo (-’^V4;g2), 

where |r| < 2, relating the 27^1 of a given structure with Jackson’s basic Bessel 
functions J;l^^(r;g). A similar relation was earlier found by Rahman W^. This 
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transformation shows that onr basic sine S {rj; oj) and basic cosine C {rj] uj) fnnctions 
are jnst mnltiples of (2<^; o) and J_ii 2 (2a;; g), namely, 


(5.34) 


(5.35) 


S {ri;uj) = 
C{t]-,uj) = 


iQ',Q)c 


UJ 


1/2 


jf/2 (2^; ?)) 


(gV2;g)^ 

(?;?)oo 




UJ 


1/2 


J%2 ( 2 ^; q) 


-ga;2;g2)^ 


(g'/^;g)c 

The main properties of zeros of the g-Bessel fnnctions (r; q) were established in 
Ismail’s papers 0 and fl^ by a different method. This gives independent proofs 
of onr Theorems 5.1-5.4. Some monotonicity properties of zeros of (n; g) were 
discnssed in |T^. Chen, Ismail, and Mnttalib [§ have fonnd a complete asymptotic 
expansion of (r; q) for the large argnment, 

9)00 


(5.36) Ji^Hr-q) = 


2(g;g), 


X 


*2^ 


(y+l/2)/2. 1/2 


q 


X 


Y. 

n=0 


(q;q)n 


!_ ^{U+II2)I2. ^ 1/2 
2 


-1 


+ !:gC+l/2)/2.^1/2\ 

V 2 / ( 


X 


^,n/2 


71=0 


(g'-^+i/^;g)^ 

iq'^q)n 


■ i; ^(v+l/2)/2.^1/2 
2 


-1 


This follows also from Exersises 3.15 and 3.8 of [0]. Eqnations (5.34)-(5.36) resnlt in 
(5.11) and (5.15). 

6. Evaluation of Some Constants 

In this section we shall find explicitly the valnes of the normalization constants in 
the right sides of the orthogonality relations (3.26)-(3.27) for the basic sine and basic 
cosine fnnctions. First, we evalnate the integral 


( 6 . 1 ) 


2k (uj) = 


(C^ (cos 9; uj) + (cos 9; uj)) 


X 


(< 


,2*0 „-2*e. 


; 


(gV2e2*0, qi/2^-2ie. 

C (cos 6*, — cos9;uj) 


d9 


(g2*0^ g-2i0 


W. 


(^i/2g2*e^ ^i/2g-2*e. 

where we have nsed the identity (4.14) of [p^ , 

(6.2) C (x, —x; uj) = C‘^ (x; uj) + S‘^ (x; uj) . 


d9, 
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In view of (2.3), for |a;| < 1 one can write 

(6.3) 




(-0;2;g2)^ 


n=0 

x/ 


q) ^ 


^gn+l/2g2*0^ gn+l/2g-2ie. 


d9. 


The integral in the right side is a special case of the Askey-Wilson integral [Q, 

r (e^", q)^ 


(6.4) 

Therefore, 

(6.5) 


('gn+l/2g2ie^ gn+l/2g-2ie. 

27r (^2*^+2; g) 


de 


(g, -g«+V2^ gn+i^ -g’"+^ g’"+^ -g”+^ -g’^+sA; g)^' 


(-^ ;r)oo 


271 


oo 


oo / n\n 
-U}^) 


X 


n=0 


1 _ qn+l/2 ’ 


where we have used the identity 

q)^ = -q^^\ q). 


But, 


E 

71=0 


-a;2) 


2\^ 


1 _ qn+l/2 


1 - g 
(g, -g^/^o;^;g) 

(gB2,-o;2;g)^ 


,1/2 


17^ 2^1 ( 


2(^1 


,1/2 

.gl’/2^2 ; 9,9 


by (III.l) of 10. The last line provides an analytic continuation of this sum in the 
complex oi-plane. Finally, we obtain 


( 6 . 6 ) 


k{+ = - ((7^ (cos6*;a;) + (cos6*;ci;)) 

2 In 


X 


g)^ 


dO 


(6.7) 


= TT- 


(gl/2g2*0^ gl/2g-2ie. 

(gV2,-gV2^2.^^^ (-0j2;g2) 


( 9 ,-^^; 9)00 (- 9 w^; 9 ^)c 


X 2/?! 


gV2, -,;2 

_gi/2^2 ;9,9 
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The second line gives the large asymptotic of the function k (a;), 


( 6 , 8 ) 


k {oj) = TT- 




[1+0(0.-)], 


as o;^ —>• cxo but ^ —q "■ for a positive integer n. In particular, when u = u-n 
are large zeros of the basic sine function S ijj^ui) one gets as n —> cx) 


(6.9) 


k {uJn) ~ k ~ 27r ^ 


.gl/2.g) 


2 

oo 


by (5.11) and (1.9) of [0. 

With the aid of (6.6)-(6.7) one can now rewrite (3.31) and (3.32) in more explicit 
form. 


( 6 . 10 ) 


(cos 6*; uj) 




'0 


(^i/2g2*e^ ql/2^-2^e. 


dte 


71 (g^/^; g) 

= fc(a;)H-;- C {r]] oo) S {r]] uo) 


qYc 


and 

( 6 . 11 ) 


5^ (cos^;!.) 


(e^*®, e g)^ 


(gl/2g2ie^ gl/2g-2l0. 




= k (oo) — 


TT 


(g^/2. 


f 

/ OO 


C (r;; a;) .S ( 77 ; a;). 


^(?; ?)c 

These basic integrals are, obviously, g-extensions of the following elementary integrals 


( 6 . 12 ) 


/ cos^COX dx = 1 H— sincocoso;, 
00 


(6.13) 



sin^ oox dx 


1 

1-sin CO cos CO, 

CO 


respectively. 

When CO satisfies the boundary condition (3.32) the last terms in the right sides 
of (6.10) and (6.11) vanish and we obtain the values of the normalization constants 
in the orthogonality relations (3.26)-(3.28) in terms of the function k (oo) dehned by 
(6.7). 


7. Orthogonality Relations for g-ExpoNENTiAL Functions 
Euler’s formula, 

(7.1) = cos cox + 7 sin cox. 
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allows US to rewrite the orthogonality relations for the trigonometric functions (1.6)- 
(1.8) in a complex form, 


(7.2) 



nm \ 

—V 



dx 


6 


mri'! 


where 

(7.3) = I Q if ^ ^ 


The g-analog of Euler’s formula (7.1) is 


(7.4) £q{x]iuj) = Cq{x]Uj) + iSq{x-,uj), 

where £q (x; a) with a = iuj is the g-exponential function introduced in (see 
also P and we shall use the same notations as in [^); Cq (x;a;) and Sq (x;a;) 
are basic cosine and sine functions defined by (2.1) and (2.2), respectively. Our 
orthogonality relations for the basic trigonometric functions (3.26)-(3.28) result in 
the following orthogonality property for the g-exponential function 

1 r 

(7.5) —-—- / £q {cos 9; zujm) £q {cos 9; -tUJn) 

2fc {uJn) Jo 

(e^*®, g) 

(gi/ 2 e 2 * 0 , ql/2e-2^9. 

where iXm, = 0 , itui, ± 012 , ± 013 ,... and ujq = 0 , oii, a; 2 , 013 ,..., are nonnegative zeros 
of the basic sine function S {rp, ut) arranged in ascending order of magnitude; the 
normalization constants k {uJn) sue defined by (6.7). 

A basic analog of 

(7.6) = cos a; (x + g) + i sin a; (x + y) 


is 


(7.7) 


{x,y,iw) = C„ (x, y,ix)+ iS, (x,y,u]), 


see 


1l5| and |2^. The general exponential function on a g-quadratic grid £q (x, g; iuj) 


has the following orthogonality property. 


Theorem 7.1. 


(7.8) 


£q (cos 9, cos <p; ioJm) £q (cos 6*, cos ip'] —ioJn) 

g)^ 


X 


d9 


(gi/2g2ie^ gi/2g-27e. q^^ 

= 2k {uJn) £q (cos p] iuJn) £q (cOS p'] —iUn) 


6 


mn •) 


where uirn,<^n = 0, ±a;i, ±a; 2 , ±a; 3 ,... and ujo = 0,cui,a; 2 ,a; 3 ,..., are nonnegative zeros 
of the basic sine function S {rj; ui) arranged in ascending order of magnitude; the 
normalization constants k{oJn) sire defined by (6.7). 
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Proof. Using of the “addition” theorem for basic exponential fnnctions p^ , 
(7.9) Sq{x,y]iuj) = Eq{x]iuj) £q{y]iuj), 

and the orthogonality relation (7.5) one gets (7.8). 

In a similar fashion, we can establish the following resnlts. 

Theorem 7.2. 


(7.10) 


C {cos 6^ COS if] UJm) C {cos 6, cos if'] UJn) 


X 


e q) ^ 


de 


{qi/2^2ie^ ^i/2e-2*0. 

0 if m ^ n, 

k {uJn) C (cos (p, — cos tp'] UJn) if 171 = 71; 


□ 


(7.11) 


and 

(7.12) 


S {cos 9, COS p;ujm) S {cos 9, cos p';ujn) 

(e^*®, q) 

w _ V ’ _ ’ OO JQ 

{qi/2^2ie^ ql/2e-2^e. “ 

0 if m ^ n, 

k {ujn) C (cos (p, — cos p'; uJn) if m = n; 


C {cos9,cosp;uJm) S {cos 9, cos p';ujn) 


X 


e q) ^ 


d9 


{qil2^2ie^ ^i/2g-2i0. q^^ 

0 if m ^ n, 

k{(jJn) S {cos — cos p';u}n) if m = n; 

where uirm^n = ^ 1 )^ 2 )^^) ■■■, o^re positive zeros of the basic sine function S{ri;uj) 
arranged in ascending order of magnitude; the normalization constants k {uJn) 
defined by (6.7). 


Proof. Use the “addition” theorem for the basic trigonometric fnnctions and the 
orthogonality relations (3.26)-(3.28). □ 


8. Basic Fourier Series 

By analogy with (1.2) we can now introduce a g-version of Fourier series, 

OO 

f {cos 9) = Oo + E i^Q'n^q (cos 0 j b^iSq (cOS 0 , Ci^ri)) ; 

n=l 


( 8 . 1 ) 
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where loq = 0, Wi, 012 , Wa,are nonnegative zeros of the basic sine function S 
arranged in ascending order of magnitude, and 


( 8 . 2 ) 


Oq — 


2k (0) 


f {cos 9) 


y. _ V ’ _ ’ 00 JO 

gl/2e-2i«; q)^ ' 


(8,3) 


^r), — 


k (uj^ 


nj JO 


X 


f{cos9) Cq {cos 9; UJn) 


(gV2e2*0, ql/2^-2^e. 


d9, 


(8.4) 


bn. 


k {uJn) 


X 


/(cos 6*) S'q (cos6';a;n) 


e q)^ 


(gl/2g2ie^ gl/2g-2ie. 

The complex form of the basic Fourier series (8.1) is 


d9. 


(8.5) 


00 

/(cos 6*)= ^ Cn (cos^;^!^^) 

n=—oo 


with 

( 8 . 6 ) 


Cn — 


2 /c (a;. 


nl Jo 


f (cos 9) £q (cos 9] —ioJn) 


(g2i6l g 2ie \ 

w _ V ’ _ ’ 00 JQ 

(gl/2g2*e^ gl/2g-2*e. g)^ 


where = 0, icui, ±ci;2, ±(^3,... and cuo = 0, cui, ci;2, C1J3,..., are nonnegative zeros 
of the basic sine function S {rj] ut) arranged in ascending order of magnitude; the 
normalization constants k{ujn) are defined by (6.7). These expressions, of course, 
merely indicate how the coefficients of our basic Fourier series are to be determined 
on the hypothesis that the expansion exists and is uniformly convergent. We shall 
study the question of convergence of the series (8.1) and (8.5) in the next sections. 

The g-Fourier series of / in either of the forms (8.1) and (8.5) will be denoted in a 
usual manner by S [/]. 


9. Completeness of the g-TRiGONOMETRic System 

Completeness of the trigonometric system on the interval (—1,1) is 

one of the fundamental facts in the theory of trigonometric series (see, for example, 
]I^ and [^). In this section we shall prove a similar property for the 


20 


system of basic trigonometric function {8q (x; ia;„)}, where oon = 0, ±a;i, ±a;2, ±a;3,... 
and ujo = 0, cui, a;2, a;3,..., are nonnegative zeros of the basic sine function S{ri;uj) 
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arranged in ascending order of magnitnde. Bnt first we need to discnss connections 
between the basic trigonometric fnnctions and the continnons g-Hermite polynomials. 
The continnons g-Hermite polynomials, 


(9.1) 


Hn (cos^lg) = 




fc =0 




n i{n—2k)6 

t' 1 


have two generating fnnctions, 


(9.2) 

^ fe; 9). 


Hn (cos^lg) = 


(re*®,re-*®;g)^’ 


when |r| < 1 and 

(9.3) 


/4 




Hn {cos 0\q) = (ga^; g^)^ Tg (cos^; a) 


n=0 


(see, for example, 0, ii, and [p^). 
Lemma 9.1. The following functions 


(9.4) 

e{x,Q) = [qa^-q^)^£q{x-a), 

(9.5) 

s(a;) = (-ga;^;g^) S{rp,uj) 


= 4 {e{x,iuj) - e{x,-iu;)), 

and 


(9.6) 

c{uj) = {-quj'^-q^) C{ri-uj) 


= - {e{x,iuj) + e{x,—iuj)) 

are entire functions in a and ui, respectively, of order zero for all real values of x. 
Proof. The generating fnnction (9.3) gives a power series expansion for the fnnction 


(9.4), 


(9.7) 

oo 

e {x, a) = hn 


n=0 

with 


(9.8) 

TlP^ j 4 

hn = hn{x)= Hn{x\q) 

{PHn 


The radins of convergence of this series is inhnity, becanse 


(9.9) 


4 = (l^’^l) 

J-C n—>C50 


1/n 


= lim 

n—>oo 


n2/4 


(?;?)r 


Hn {x\q) 


Ijn 


= 0 . 
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Thus, e (x, a) is an entire function in a. The order of this entire function is |T 

nlogn 


(9.10) 


lim 


= lim 


log|h,, 


n logn 


n^oo \ - log |g^V4 Hn {x\q) / (g; q)^ 


= 0 . 


Functions (9.5) and (9.6) are just a sum or difference of two functions of type (9.4), 
so they are also entire functions of order zero. This proves the lemma. □ 

The next step is to establish the following inequalities. 

Lemma 9.2. Let — coshr < — 1 < x < 1 < coshr, where x = cos6, 0 < 6 < 7i, and 
r > 0. Then 


(9.11) 

and 

(9.12) 
if T <Ti. 

Proof. One can rewrite (9.1) as 


|e (cos^; a)! < e (coshr; |q!|) 
e (coshr; |q(|) < e (coshri; |q(|) 


^/2] 


(9.13) 
Thus, 

(9.14) 


Hn {cos6\q) = 2 




k=0 




cos (n — 2k) 9. 


V2] 


(cos^lg)! < 2 






cosh (n — 2k) r 


= (coshr|g). 

Estimating both sides of (9.3) gives 

\{(ia‘^;q‘^)^^q{cos9-,a)\ 


< 


< 


^n2/4 




rS I'';?).. 

°° ^n2/4 


E 


|a|" \Hn (cos^Ig)! 


\a\^ Hn (coshr|g) 


= (9|at;9j„S5(coshT; |q;|) 

by (9.14) and (9.3). This proves (9.11). The monotonicity property (9.12) follows 
from the monotonicity of the hyperbolic cosine function. □ 

It is clear that the system {Eg (x; is complete if the equivalent system 

{e (x,ia;„)}))^_^ is closed. 
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Suppose that the system {e (x, is not closed on (— 1 , 1 ). This means 

that there exists at least one function not identically zero, such that 

ri 


(9.15) 


(j){x) e {x,iujn) p{x) dx = 0, n = 0 , ± 1 , ± 2 ,..., 


'-1 


where p{x) is the absolutely continuous measure in the orthogonality relation (7.5). 
Then, the function 


(9.16) 


/(a;) = / (j){x) e{x,iun} p{x) dx 




is an entire function of order zero and f{ujn) = 0 for all n = 0, ±1, ±2,.... Thus the 
study of closure amounts to the study of zeros of a certain entire function. 

Suppose that 0(x) is integrable on (— 1 , 1 ), 

/ \(j){x)\ p{x) dx = A < oo. 


(9.17) 
Then 

(9.18) 




I/Ml < 


(x) e (x, fa;) I p(x) dx 


'-1 


< e (cosh r, |a;|) 

X J |0(x)| p{x) dx 
= A e (coshr, |a;|) 


by (9.11) and (9.17). 
Consider the quotient 

(9.19) 


gi^) = 


/(^) 

s(a;) 


of two entire functions, /(a;) and s(a;) defined by (9.16) and (9.5), respestively. The 
functions /(a;) and s(a;) have the same zeros, so g{uj) is an entire function. The order 


of this entire function is zero because both /(a;) and s(a;) are of order zero (see [jT9 


Corollary of Theorem 12 on p. 24). Moreover, this function g{u}) is bounded on a 
straight line parallel to the imaginary axis. Indeed, let a; = 7 + iS. Using the same 
arguments as in Section 5 one can see that 

(9.20) lim < 00 . 

|(5|—>c» 


e(h, 1^1) 

From this condition and the inequality (9.18), it follows that the entire function g{uj) 
is bounded on the imaginary axis. But an entire function of order zero bounded on 
a line must be a constant (see Theorems 21-22 and Corollary on pp. 49-51 of [p4 
Then, 

(9.21) 


f{u) = c s{u) 
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and, therefore, 


(9.22) 


c 


< 

< 


e[x,iuj] 


'-1 s(w) 


'-1 




e[x,iuj] 


s{uj) 


A 


8q (coshr; 

a;|) 

^(coshri; 

a;|) 


p(x) dx 
p{x) dx 
0 


as |a;| —>• oo and r < ti. Thns, /(a;) is identically zero and the fnnction (j){x) does 
not exist. 

We have established the following theorem. 


Theorem 9.3. The system of the basic trigonometric function {£q{x-^iuin)}, where 
n = 0,±1,±2,... and ujq = 0, cni, a; 2 , cus, ..., are nonnegative zeros of the basic sine 
function S arranged in ascending order of magnitude, is complete on (—1,1). 

As corollaries we have the following resnlts. 


Theorem 9.4. If f{x) and g{x) have the same q-Fourier series, then f = g- 
Proof. The g-Fonrier coefficients oi f — g all vanish, so that f — g = 0. □ 


Theorem 9.5. If f{x) is continuous and S[/], the q-Fourier series of function f, 
converges uniformly, then its sum is f{x). 


Proof. Let g{x) denote the snm of S [/], the g-Fonrier series in the right side of (8.5). 
Then the coefficients of S [/] are g-Fonrier coefficients of g. Hence, S [/] = S [g], so 
that f = g and, / and g being continnons, f{x) = g{x). □ 


Bessel’s ineqnality for the g-trigonometric system (x; where ujq = 

0, oil, 012 , 013 ,..., are nonnegative zeros of the basic sine fnnction S arranged in 

ascending order of magnitnde, takes the form 

N 

(9.23) |c„|' < 

n=—N 


\f{x)f p{x) dx 


'-1 


provided / G (— 1 , 1 ), which means that \f{x)f is integrable on (— 1 , 1 ) with 
respect to the weight fnnction p{x) in the orthogonality relation (7.5). Here c„ are 
the g-Fonrier coefficients of f{x) dehned by ( 8 . 6 ). When N ^ oo we get Parseval’s 
formnla 

oo „1 

(9.24) ^ \cnf‘= / \fix)f p{x) dx 

n=—oo 


dne to the completeness of the g-trigonometric system {£’q (x; and the 


space . 


(- 1 , 1 ) 

- 1 , 1 ). 


|I8[| . It follows that the g-Fonrier coefficients Cn tend to zero if 
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10. Bilinear Generating Function 


In this section we shall derive the following bilinear generating relation, 


( 10 . 1 ) 


E K) 

X £g (cos 9; iojn) £q (cos (f] —irujn) 

(g, r^, q)^ 

'IT 'Y'—tO 


for the basic exponential functions. Here as before Un = 0, ±a;i, ±a; 2 , icus,... and 
cuo = 0, cui, a; 2 , ujs, ... are nonnegative zeros of the basic sine function S {rj] uj) arranged 
in ascending order of magnitude. We shall use this generating function for a further 
investigation of the convergence of the basic Fourier series (8.5) in the subsequent 
section. 

Let us establish a connecting relation of the form, 


( 10 . 2 ) 


(gcK^r^; 

(ga 2 ;g 2 ) 


£q (cos^; ar) 
{q,r^,e 


2i^ g- 2 i^. 


271 Jq (7’e*^'+*¥’^ T-S tO g)^ 

X £q (cos(p; a) dq), 


where |r| < 1. One can easily see that if we could prove the uniform convergence 
in the variable x = cos 6 of the series in the left side of (10.1), than the integral in 
(10.2) gives the correct values of the basic Fourier coefficients (see (8.5)-(8.6)), which 
verifies the generating relation (10.1) by Theorem 9.5. So, one needs to give a prove 
of (10.2) first. 

The continuous g-Hermite polynomials have the following bilinear generating func¬ 
tion (the Poisson kernel). 


(10.3) 


E 




Hn (cos 01 g) Hn (cos (p|g) 
_9)00_ 

^iO lip fj^^lip lO ‘P ^ lip • ^ 


where |r| < 1. The orthogonality relation for these polynomials is 


(10.4) 


= 27r 


iLm(cos0|g)iL„(cos0|g) e g)^ dO 

/ \ ^mn 

g;?)oo 


(see, for example, [0). Expanding £q{cos(p-,a) in the right side of (10.2) in the 
uniformly convergent series of the g-Hermite polynomials with the aid of (9.3), we 









30 


JOAQUIN BUSTOZ AND SERGEI K. SUSLOV 


(10.5) — / ’ ’ . ’ . 

27! Jo (re*®+*75, g)^ 

X (cosy?; a) dip 

„'n?lA 

^ ^ r (g,r^e^-^ q)^ 

27! Jo (re*®+*‘^, g)j^ 

X (cos^^lg) 

The series in (10.3) converges uniformly when |r| < 1. Then, using (10.4), 

gx ^ r Hn{cosip\q) (g,r^e^®^, q)^ 

27! Jq (re®®+*'^, re®®”®*^, re®*^"*®, re“®®“®7’; g)^ 

= r” (cos6'|g). 

From (10.5), (10.6), and (9.3) we finally arrive at the connecting relation (10.2). 

Uniform convergence of the series in (10.1) can be justihed with the help of the 
inequality (9.11) and the corresponding asymptotic expressions. This proves (10.1) 
by Theorem 9.5. 

It is worth mentioning a few special cases of (10.1). When r = 0 we obtain the 
following generating function. 


X Sq (cos 9] iUn) 

= (q,q'>'V'‘, ,)„, 

for Sg (x; iun)- ip = 7r/2, one gets 


( 10 . 8 ) 


(-gr^oj^; g^)^ i 


X £q (cos 6^; iojn) 

(g, r^, g^/^e“^*®; g)^ 

TT (—g^)^ 

A terminating case of this generating relation appears when = —1/gcj^ for an 
integer m 7^ 0, 


n=—\m\ 


(^n/^m;g^)oo , 
X £q (cos 6] ioJn) 


k (j-^n) 


(10.9) 
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{q,r^,q 


2 „l/2„2i0 ^l/2„-2ie. 


e , q 


; 


7r{e‘^^yquj^,e ^^yquj^-,q^ 


Here m = ±1, ±2, ±3,.... 


11. Method of Summation of Basic Fourier Series 

According to Theorem 9.5, for a continuous function f{x) the basic Fourier series 
S [/] converges to f{x) if it converges uniformly. In this section we shall discuss 
another method of summation of basic Fourier series. 

Let f{x) be a bounded function that is continuous on (—1,1) and let S [/] be its 
g-Fourier series dehned by the right side of (8.5). Replace this series by 


( 11 . 1 ) 

where 

( 11 . 2 ) 




Cn r = 


i-q^n,q^)^ 
1 


X 


2k (u. 


f (cos 9) Sq (cos 9; —irur, 


n) Jo 


X 


(< 


, 2 i 6 l ^-2ie. 


; q). 


(gl/2g2ie^ gl/2g-2ie. 

provided that 0 < r < 1. Comparing (11.2) and (8.6), 

(11.3) lim Cn(r) = c^. 


d9 


r—5-1“ 


where Cn are the regular g-Fourier coefficients of f{x). Suppose that the series [/] 
converges uniformly with respect to the parameter r when 0 < r < 1. Then, 

(11.4) lim [/] = S [/]. 

On the other hand, from (11.1)~(11.2) one gets 

(11.5) 


Sr 1/1 = E , k 


-q^n: q^)oc 


X ■ 


2k (a;. 


n) Jo 


f (cos Lp) Sq (cos (f] —irOJr. 


X 


(e^*^ g), 


dip. 


(gl/2g2*l^, gl/2g-2l(^. 

Using the uniform convergence of the series in the bilinear generating function (10.1), 
we dually obtain 


( 11 . 6 ) 


Sr 1/1 = 


A r /(cosy) {q,r^e^‘f, e-”*-; g)^ 

2'T Jo (re*®+*'^, g)j. 


dip. 
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It has been shown in 
1 


(11.7) 


lim 


(see also |^) that 
' f {cosif) 


dip = f (cos 9) 


r^i-2 ti Jq (7-0*®+"^, g)^ 

for every bounded function / (cos 9) that is continuous on 0 < 6 * < tt. As a result we 
have proved the following theorem. 


Theorem 11.1. Let f{x) he a bounded function that is continuous on (—1,1) cind 
let Sj, [/] he the series defined by //[/] converges uniformly with 

respect to the parameter r when 0 < r < 1, then lim^^i- S,. [/] = S [/] = f{x). 


12. Relation Between g-T rigonometric System and g-LEGENDRE 

Polynomials 


The trigonometric system and the system of the Legendre polynomials 

{Fm(j^)}m=o complete systems in L^(—1,1). The corresponding unitary 

transformation between these two orthogonal basises and its inverse are 


( 12 . 1 ) 

and 

( 12 . 2 ) 



m + 1 / 2 ) Jm+1/2 (tdj) Pm{x) 



Jm + 1/2 (tttt.) 


innx 
^ 5 


respectively. Relation (12.1) is a special case of a more general expansion, 

u 00 

r U) + ™) T+™ (r) C- (x), 

m=0 

where C^{x) are ultraspherical polynomials and J^+m{r) are Bessel functions P7| . 
Expansion (12.2) is the Fourier series of the Legendre polynomials on (—1,1). Or¬ 
thogonality properties of the trigonometric system and Legendre polynomials lead to 
the orthogonality relations. 



(12.4) 


m 


+ 1/2 


Tin 


Jm+1/2 {2m) Jm+1/2 (^0 — ^nh 


(12.5) 


E 


m + 1/2 
Tin 


Jm+ll2 (t?7.) 


Jp+ll2 (tTTT.) dmpi 


for the corresponding Bessel functions. 

The basic trigonometric system {£q[xfiu}n)}'^=_^ and the system of the contin¬ 
uous g-ultraspherical polynomials (t;/ 9| g)}“^Q with f3 = efiP, which are the 
basic analogs of the Legendre polynomials, are two complete orthogonal systems in 
Lp (—1,1), where p is the weight function in the orthogonality relation (7.5). There¬ 
fore, there exists a g-version of the unitary transformation (12.1)-(12.2). 
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Ismail and Zhang have fonnd the following g-analog of (12.3), 


£q (x; iuj) 


( 12 . 6 ) 


(9;g)oo^ 

(-ga;2;g2)^(g^;g)o^ 

OO 

m=0 


where (2x’; g) is Jackson’s g-Bessel fnnction (see, for example, [0). Special case 
n = 1/2 gives the basic analog of the expansion (12.1), 


£q (x, iuJn) 


(12.7) 


(g;g)oo^n^^^ 

(-go;2;g2)o^(gi/2.^)^ 

CO 

X E(1 - px-.; q) c„ (x; g) , 

m =0 


where a;_„ = —a;„ and a;o = 0, cni, a; 2 , cna,..., are nonnegative zeros of the basic sine 
fnnction S [rj] u) arranged in ascending order of magnitude. 

On the other hand, the continuous g-ultraspherical polynomials Cm {x; \ q) can 

be expanded in the g-Fourier series as 


C„ g) = 7! 

( 12 . 8 ) 


X 


CO 

^ 


■\m _rn?'li 


- 1/2 

OJn 


’^rti+1/2 (^px’n; g) 


_ ^(^n) (-gc^^;g^), 

X £q (x, . 

Indeed, by (8.5)-(8.6), 

OO 

(12.9) Cm q ^ I g) ^ ^ (x, iuJn) i 


where 

( 12 . 10 ) 


Crt. — 


2 k (a;. 


n; JO 


Cm{cos6]q^/‘^\q) £q{cos6]-iu;n) 
e- 2 *®; g)^ 


X 


(gl/2g2ie^ gl/2g-2ie. 


de. 


Using (12.7), where the series on the right converge uniformly in x for any a;, and 
the orthogonality relation 


( 12 . 11 ) 



(cos^; g^/^l g) 


Cp (cos^; g^/^l g) 


X 




; g), 


(gl/2g2ie^ gl/2g-2*0. 


de 
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(g;g) 

(see, for example, 0 ), one gets 


, -1 


mp 


( 12 . 12 ) 


Ct), — TT - 


X 


i.TA)c 


oo 


- 1/2 


^ll/2 (S---X). 


or, 


Cr). - TT" 




2 

CXD 




c<j: 




(g;g)L ^K)(-gw2;g2)^ 


(12.13) 


= TT 


X 


X 2<^1 


-g 


.m+3/2 ^m+6l2 

? ~H 2 2 

,2m+3 ; Q > -^n 


g 


2 

OO 


• \m ' 

-*) q 


.m?lA , ,m 


W.qfoo ^K) 

(_grn+3/2. ^j ^ ('^2^m+3/2^ ^l/2-m/^2. ^2^^ 


(g,g2r»+3.g2)^ (-ga;2,-g2/a;2. g2)^ 

,m+3/2 

q 

(_gm+l/ 2 . ('^2^m+5/2^ ^-l/ 2 -m/^ 2 . ^ 2 ^^ 


X 2/2i 


-g 


.gl/ 2 -m q 

; ? , —T 


(12.14) 


(g-l^g2m + 3.g2) 

X 2/2i 


(-go; 2 , -g 2 /o; 2 ; g 2 )^ 


„m+5/2 3/2-m ^ 

—? ■, —q . 2 V 

) y 5 -2 


go 


o;/ 


by (5.31) and (III.32) of 0], respectively. The last equation gives the large o;- 
asymptotic of the basic Fourier coefficients. With the aid of (5.11), (6.9), and (1.9) 
of [^, we dually obtain 

(12.15) \cn\ ~ D g"/2 ^ 0 

as n —>■ oo, where D is some constant. Therefore, the series on the right side of 
(12.8) converges uniformly and we have established the expansion of the g-Legendre 
polynomials Cm (x;g^/^| g) in terms of the basic trigonometric functions £q {x;iujn) 
due to Theorem 9.5. 

Relations (12.7)-(12.8) define the unitary operator acting in L2(^—1,1) p[. Or¬ 
thogonality relations of the matrix of this operator lead to the following orthogonality 
properties 


OO 


TT (1 - g"*+V2) 


UJn H^n) {-q^n, q^X 


q 


m^/2 


(12.16) 
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^ Jm+l/2 *?) '^m+l/2 ?) ~ 


(12.17) 


^ (1 - ^mV2 

UJn k{Un) q^)t 

X JU+1/2 {‘^^n'l g) 'Jp+l/2 g) = ^mp 


for the corresponding Jackson’s g-Bessel function. These relations are, clearly, q- 
analogs of (12.4)-(12.5). 

13. Some Basic Trigonometric Identities 

One of the most important formulas for the trigonometric functions is the main 
trigonometric identity, 

(13.1) cos^cuT + sin^cuT = 1. 

It follows from the Pythagorean Theorem or from the addition formulas for the 
trigonometric functions, but one can also prove this identity on the base of the dif¬ 
ferential equation. The functions cosux and sinci^a; are two solutions of (1.9) corre¬ 
sponding to the same eigenvalue u. Therefore, 


(13.2) 


— [W (cos CUT, sin cut)] = 0, 
ax 


(13.3) 


cos^ CUT -f sin^ CUT = constant. 


Substituting t = 0, one verihes (13.1). 

One can extend this consideration to the case of the basic trigonometric functions. 
Consider equation (3.8) with u{z) = Cq (t(t);cu), v{z) = Sq (t(t);cu), and p{z) = 1, 


(13.4) 
where 

(13.5) 


A IW (u(z), v(z))] = 0, 


(13.5) W {u, v) = IT(C(t;cu), S'(t;cu)) 

= [C (t(t);cu) C (t(t - l/2);cu) 

-|- S (t(t);cu) S (t(t — l/2);cu)] 

is the analog of the Wronskian (3.9) and we also used (2.12)-(2.13). One can easily 
see that W (m, v) here is a doubly periodic function in t without poles in the rectangle 
on the Figure. Therefore, this function is just a constant by Liouville’s theorem, 

C (t (t)) C {x{z — 1 /2)) -|- S' (t (t)) S {x {z — 1 /2)) = C. 

The value of this constant C can be found by choosing t = 0, which gives 


c = 
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X 2(^1 


Q, Q 

q 



X 2V?1 


1 , q 

q 


(-g 0 j 2 ;g 2 )^ 



X l(po 



(-go;2;g2)^ 

by the g-binomial theorem. As a result one gets 
(13.6) Cq {cos 6] uj) Cq (cos {6 + zlogg/2) ;a;) 

+ Sq{cos6]uj)Sq{cos{6 + i log q/2)]uj) = / ^ n ^ nV 

(-goj2;g2)^ 

as a g-extension of the main identity (13.1). The special case = 1/4, when rj = 
a;(l/4), of (13.6) has the simplest form 


(13.7) 


{7]-,uj) + {r];uj) = 


(-g0j2;g2)^' 


Our identity (13.6) can also be derived as a special case of the “addition” theorem 
for the basic trigonometric functions established in . 


In a similar fashion, we can hnd an analog of the identity 
(13.8) cos^ u!{x + y) + sin^ u {x + y) = 1 


considering more general basic sine and cosine functions, C {x,y,uj) and S {x,y;uj), 
as two solutions of equation (2.10). The result is 

(13.9) Cq {cos 9, cos ip; oj) Cq (cos {6 + i logg/2), cosg?; a;) 

+ Sq {cos9, cosip; uj) Sq (cos {9 + i logg/2), cosy, uj) 

= / ^ 2 ^ 1 ^ K C, (cos y a;)] 

{-quJ^;qC^ 

('_^; 2 . q‘2\ 

= 7- 9 o/” (*208 (p, - cos y uj) . 

{-quj,qCoc 

We have used (6.2) here. This identity can also be verified with the aid of the 
“addition” theorems for the basic trigonometric functions. 

Identity (13.7) gives the values of the basic cosine function C {yuj) at the zeros of 
the basic sine function S {yuj), 


(13.10) 


C{y,uJn) 


(-ir 




(-^n;g^)oo 

(-goj2;g2)o^’ 
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and vice versa, 

(13.11) S(>,in„) = (-1)" 

with the aid of Theorem 5.4. 


14. Example 


Let us consider a periodic function pi{x) which is dehned in the interval 
by pi{x) = X. Its Fourier coefficients are 


(- 1 , 1 ) 


Co = 0; 


Cn 2 


(- 1 ) 


f' - 

' xe 

n—l 


inn 


dx 

n 7 ^ 0. 


Therefore, 

(14.1) 


X = 


oo ' / . \n-l 

^ ^ V ^inux 


n=—oo 

oo 




2i7m 

_i sin nnx 


n=l 


Tin 


The special case m = 1 of (12.8), 

(14.2) C^{x;q^/^\q) = ^i/4 


X 


(?;?)c 
00 


- 1/2 


X £q (x; iuJn ), 

gives us a possibility to establish the g-analog of (14.1). Let us hrst simplify the right 
side of (14.2). Using the three-term recurrence relation for the g-Bessel functions (see 
Exercise 1.25 of 0) and (5.32)-(5.33), one gets 

(14.3) jfj^^{2ujn,q) = -q~^^‘^j'fli^{2ujn,q) 

On the other hand. 


(14.4) 


Cl = 


1 -I- q^/"^ 


X. 
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Combining (14.2)-(14.4) and (13.10), we finally obtain, 

9)L 1 


(14.5) 


X = 71- 


X 


(?;g) 

oo 

E 


7^ 2 (<;■'“ + 

OO 


(- 1 ) 


n—1 




i k{uJn) (Xn y 

X Sg (x; iuJn) 


= TT 


X 


{q-,q) 


2 

oo 


2 

oo 


(, 1/1 + ,-■/!) 


E 


■ 1 ) 


n—1 


-^n.q^)c 


^ fc (a;„) a;„ y (-gu;2; g2)^ 

X S'g (x, CiJn) • 

These equations are, clearly, g-analogs of (14.1). 

15. Miscellaneous Results 

Under certain restrictions a function f{z) analytic in the entire complex plane 
and having zeros at the points Oi, 02 , 03 ,... (these are the only zeros of f{z)), where 
lim^^oo I On I is infinite, can be represented as an infinite product 


(15.1) 


f{z) = /(O) e'^'' 0 )//( 0 ) 


n=l 


1 -I e 

a. 


zjar 


see, for example, |^], 0 . Consider the entire function 

S{ri-,uj) 


(15.2) 


/(a;) = 


UJ 


which has simple real zeros at a; = icUn by Theorems 5.1-5.3. In this case 

1 


/(O) = 


1 - gi/2 ’ 


/M = /(0) + -r(0)a;2 + ..., 
/'(O) = 0 


and 


/(^) = 




1 + — ] ] . 


^nj J \\ 

As a result we arrive at the infinite product representation for the basic sine function, 

1 10 


(15.3) 


S{ri\uj) = 


l_gl/2 
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xn 

n=l 

1 


1 ^ 

1-I e' 

UJ. 

U! 




IH -I e 

UJ. 


— Ujlu)r 


1 _ gl/2 (— 


oo rL=l 


n ■ 


In a similar manner, one can obtain an infinite product representation for the basic 
cosine function, 


(15.4) Ciii-oo) = 


1 


X 


g2) 


n=l 


UJ 

TO. 

CXD 


1 + — 1 e 

LU ' 


—U)lmr 


g2) 


oo n=l 




Equations (13.10)-(13.11) and (15.3)-(15.4) result in the following relations. 


(15.5) 

and 

(15.6) 


„=i \ 


-l)'^ J(-TO^;g)oo = n ( ^ 


n=l 


rot 




between the zeros of the basic sine Sijj^uj) and basic cosine C{r}]uj) functions. 


16. Appendix: Estimate of Number of Zeros of S{7];uj) 

In this section we give an estimate for number of zeros of the basic sine function 
S{ri-,uj) on the basis of Jensen’s theorem (see, for example, and [0). We shall 
apply the method proposed by Mourad Ismail at the level of the third Jackson q- 
Bessel functions IQ (see also for an extension of his idea to g-Bessel functions on 
a g-quadratic grid). 

Let us consider the entire function /(a;) defined in (15.2) again and let rij (r) be 
the number of of zeros of f{uj) in the circle |a;| < r. Consider also circles of radius 
R = Rn = q^^^ < k < with n = 1, 2, 3,... in the complex cn-plane. 

Since n/ (r) is nondecreasing with r one can write 


(16.1) 


nf {Rn) <nf{r)<nf {Rn+i) 


iiRn < r < Rn+ii and, therefore, 

rRn+i 




"+^nf{r) , /T-. N dr 

—— dr < Uf (i?„+i) / —. 

^ jRn ^ 


(16.2) 


Tlj {Rn 


< 


' Rn 


' Rn 
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But 

and, finally, one gets 
(16.3) 


— = log r 


' Rn 


Rn+l 


= logg 


-1 


Rn 


logq ^ Uf (Rn) < [ dr <logq ^ Uf (Rn+i) ■ 


' Rn 


In the proof of Theorem 5.1 we have established the fact that for sufficiently large 
n there are at least two roots of /(a;) between the circles |a;| = Rn and |a;| = Rn+i- 
Thus, for sufficiently large n the inequality (16.3) should really have one of the 
following forms 


(16.4) 


' ^ dr < logg ^ rif {Rn+i), 

'Rn ^ 


logg ^ rif (Rn) < 


or 


(16.5) 


logg ^ Uf (Rn) < 


^-Rn+1 


' ^ ^ dr <\ogq ^ Uf (Rn+i) . 


jRn r 

Our next step is to estimate the integral in (16.4)-(16.5). By Jensen’s theorem |^, 


19 


(16.6) 


-Rn + l 




dr = 


Uf (r) 


cRn 


dr 




dr 


'Rn 


Jo 

1 


-271 


log 




/ (xg "■e®’^) 


d^. 


For large values of n in view of (5.5), 


/ (xg^^-e*®^) (g3/2x2g-2«-e27i?. 

= 1 - g3/2x2g-2"-2e2®®^, 


and 


log 


/ (xg 


/ (xg "■e*’^) 
where a = x^g“^/^. Therefore, 

fRn+l 


2n logg ^ + log a. 


(16.7) 


dr = 2n log g ^ + log a + o (1) 


' Rn 


as n —> cx). 

From (16.3) and (16.7), 


^ log a/logg ^ i ^ (Rn) ^ ^ log a/logg ^ 

2n n ~ 2n ~ 2n 
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and, therefore, 

(16.8) lim = 1 . 

n^oo 2n 

On the other hand, from (16.4)-(16.5), 

(16.9) nf{Rn) < 2n + loga/logq~^ < nf{Rn+i) 
or 

(16.10) nf{Rn) < 2n + \oga/\ogq~^ < n/(i?„+i), 
which gives 

Hf (/2jj+l) R/ i^Rn) 

< (2n + 2 + logo/logg“^) — (2n — 2 + logo;/logg“^) = 4 
Thus, we have established that 

(16.11) Uf {Rn+i) - Uf {Rn) < 4: 

as n — cx). Due to the symmetry / (cn) = / (—cn) the last inequality implies that 
there is only one positive root of S{ri]u) between the test points oj = jn dehned by 
(5.6) for large values of n. 
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